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Optimal Relocation of Satellites Flying
in Near-Circular-Orbit Formations

Phil Palmer∗

University of Surrey, Guildford, England GU2 7XH, United Kingdom

In this paper we present a general analytic formulation for optimal transfer paths for satellites flying in formation
based upon the circular Hill’s problem. Optimization is performed to minimize the transfer energy required from
the thruster. We consider the optimization problem as the choice of trajectory the satellite should follow during
the maneuver, whereas the time taken is fixed as are the boundary conditions. We show that this optimal control
problem has simple analytic solutions that provide a powerful basis from which to develop formation control
strategies. In formation flying, maneuvers require low levels of thrust, and we assume that the thruster will be
firing throughout the maneuver and the optimization scheme solves for the magnitude and direction of thrust
as functions of time. We illustrate how we can exploit these analytic results and present examples of maneuvers
using them. We also present a discussion of a docking problem, where we reverse the analysis and solve for initial
conditions fixing the thruster characteristics in the optimal solutions found. Finally, we present a discussion of how
we might exploit the natural dynamics to gain further propellant savings by adjusting the boundary conditions.
This is illustrated by considering a cross-track maneuver for plane change.

Introduction

T HERE is great interest in missions involving groupings of satel-
lites flying in formation. These groupings require orbital con-

trol systems to maintain the formation. The description of the rela-
tive motions of satellites flying in close proximity is provided by the
Hill’s equations,1 and when thrusters are used the inhomogeneous
equations need to be solved.

It is common practice, when considering orbital maneuvers, to
assume that the thrust is provided instantaneously, and can then be
expressed in the form of a �v. In practice, however, the thrust levels
are usually quite small, and significantly long burns are required to
make changes to the relative orbits of the satellites. There is also
increased interest in systems with very low thrust levels that are
active continuously.2

The maneuver of a satellite in a local circular Hill frame by a
continuous constant thrust that can be rotated was considered by
Hinz3 and others.4 This work was then extended to include variable
thrust magnitude as well as direction by Gobetz5 and maneuvers
between elliptic orbits by Marinescu.6 The effects of incorporating
mass loss as propellant that is expelled have been formalized by
Prussing.7 More recently this question has been considered again,
this time in the context of optimizing either time of transfer8 or fuel
optimization.9,10 Analytic solutions incorporating perturbing forces
have been presented in Refs. 11 and 12. The reason for this renewed
interest is the development of formation flying as a paradigm for fu-
ture space missions and the development of the International Space
Station.13−15 This has led to some demonstration missions as de-
scribed in Ref. 16 for automated rendezvous and docking. The use
of small satellites in formation requires the development of propel-
lant optimal maneuvers, critical for extending the lifetime of such
missions.17

The control of such formations and proximity operations has also
attracted considerable attention. The use of optimal control tech-
niques has been widely exploited for stationkeeping.18−20 All of
these papers require the numerical solution of a Ricatti equation
to minimize the deviation of the location of one satellite with re-
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spect to another. The problem of maneuvering a satellite within a
formation from one relative orbit to another has been considered by
Starin et al.,21 who used an optimal controller for a leader-follower
formation. This again requires a numerical solution, and control is
only applied in two directions. Other approaches to optimization,
which take account of various constraints, such as thruster limita-
tions or restrictions on path require nonlinear programming.22

There is some value in returning to the question of minimum pro-
pellant transfers for satellites flying in formation and to seek analytic
solutions. Such solutions, if found, would be very helpful in devis-
ing feedback controllers that are not as dependent upon numerical
solutions of the control equations and could provide suitable novel
controllers for formation flying.

In this paper we are concerned with investigating orbital maneu-
vers for which the burn time of the thruster is a significant fraction
of an orbital period. The thrusters are assumed to be able to pro-
vide a variable thrust acceleration, and the satellite is assumed to
have the capability of providing three arbitrary thrust accelerations
in orthogonal directions. This will require a level of attitude control
during the maneuver as well as three thrusters.

We restrict ourselves to formations of satellites that are in nearly
circular orbits so that we can employ the standard Hill’s equations.1

We shall review these equations and provide a formal solution to
them for a variable, unspecified thrust vector as a function of time.
We will go on to discuss the optimization problem that we shall ad-
dress involving boundary conditions at the start and end of a fixed
time interval. We shall show in this paper that there exist simple
analytic forms for the three thrust accelerations as functions of time
which minimize the propellant usage and illustrate how these ana-
lytic results can be used for formation maintenance and maneuvers.
Our results are not directly comparable to optimal control solu-
tions, as we seek the path by which a satellite in the formation will
maneuver. Feedback control will be required to mitigate against
disturbances to the dynamics and errors in the thrust accelerations
delivered during the maneuver.

Solution to Hill’s Equations
Homogeneous Equations

We shall consider maneuvers of satellites in nearly circular orbit
and so we can describe the motion in terms of a circular guiding
centre orbit plus an epicycle. This solution is derived from the ho-
mogeneous Hill’s equations:

ẍ − 2�ẏ − 3�2x = 0, ÿ + 2�ẋ = 0, z̈ + �2z = 0 (1)
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where the x axis lies in the radial direction, the y axis is along
the in-track direction of the guiding center, and the z axis is in the
cross-track direction. � is the angular rotation rate of the frame of
reference, which rotates at the same rate as the guiding center. One
can easily solve these equations for arbitrary initial conditions. The
solutions can be expressed as follows23:

x = b + A cos α ẋ = −A� sin α

y = w − 3
2 bα − 2A sin α ẏ = − 3

2 b� − 2A� cos α

z = Z cos(α − αN ) ż = −Z� sin(α − αN ) (2)

where α = �(t − tA) and is called the epicycle phase; A is the epicy-
cle amplitude; b is a radial offset (b > 0 implies further from the
gravitational mass center); Z is the amplitude of the cross-track
excursion; w the along-track offset; tA the time of apocenter pas-
sage; and αN = �(t − tN ), where tN is the time of nodal passage.
The guiding center radius is a, which is related to the rotation rate
� through the usual Kepler relation: �2a3 = G M , where G is the
gravitational constant and M the gravitational mass about which the
satellites orbit. The semimajor axis is approximately a + b, and the
eccentricity is A/a. The six orbital elements in this representation
are (b, A, w, tA, Z , tN ).

It is sometimes useful to re-express this propagation of Hill’s co-
ordinates through a state transition matrix (for example, see Ref. 12).
When the epicycle phase has changed by an angle β after a time t ,
then⎡⎢⎢⎢⎣

�x̂

ˆ̇x
�ŷ

ˆ̇y

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎣
4 − 3 cos β sin β 0 2(1 − cos β)

3 sin β cos β 0 2 sin β

−6(β − sin β) −2(1 − cos β) 1 −(3β − 4 sin β)

−6(1 − cos β) −2 sin β 0 −(3 − 4 cos β)

⎤⎥⎥⎦

×

⎡⎢⎢⎣
�x0

ẋ0

�y0

ẏ0

⎤⎥⎥⎦
We have separated off the z motion from this state transition matrix
as this motion is decoupled from the in-plane motion. Hence for the
out-of-plane motion,[

�ẑ

ˆ̇z

]
=

[
cos β sin β

− sin β cos β

][
�z0

ż0

]

We have used the caret to represent the evolution of position and
velocity in the absence of any control accelerations. We now con-
sider using a continuous low level of thrust to maneuver the satellite
from one orbit to another, changing these epicycle parameters.

Inhomogeneous Equations
We suppose the satellite has three sets of thrusters pointing in

the directions of x, y, and z. The equations of motion when these
thrusters are firing are given by

ẍ − 2�ẏ − 3�2x = Tx , ÿ + 2�ẋ = Ty, z̈ + �2z = Tz

(3)

where Tx , Ty , and Tz are the thrust accelerations and are to be consid-
ered arbitrary functions of time. As the motion out of plane is com-
pletely decoupled from the in-plane motion, we can consider this
separately. One can solve the inhomogeneous equations by employ-
ing the solutions of the homogeneous equations using the method
of variation of parameters.24

Out-of-Plane Maneuvers
Without loss of generality, we shall assume that the z thruster is

switched on at time t = 0. At this time the position and velocity out
of plane of the satellite is (z0, ż0). The thruster fires continuously
with a time-varying thrust amplitude, and at a later time t the position
and velocity in the z direction will be given by[

�z

ż

]
=

[
�ẑ

ˆ̇z

]
+

[
I0

I1

]
where I0 and I1 are integral quantities related to the thrust function
applied24:

I0(t) =
∫ t

0

Tz(τ ) sin �(t − τ) dτ (4)

and

I1(t) =
∫ t

0

Tz(τ ) cos �(t − τ) dτ (5)

After some time tF the thruster is switched off, and the orbit has
changed to some predefined target orbit. In the cross-track direction
this is signified by (�zF , żF ). To guarantee that the satellite has
reached the target location in time tF , the preceding two integrals
provide constraints upon the thrust function. Let I0(tF ) = I0 and
I1(tF ) = I1, then [

I0

I1

]
=

[
�zF

żF

]
−

[
�ẑF

ˆ̇zF

]
where ẑF and ˆ̇zF are the position and velocity the satellite would
have at time tF if the thruster were not fired. We should think of
this equation as defining constraints upon Tz caused by the required
boundary conditions at the start and end of the maneuver. The first
term on the right is the predefined target state, and the second term
is just a function of how long we are prepared to fire to get to the
target.

In-Plane Maneuvers
The analysis of the cross-track motion can be carried through in a

straightforward manner to the in-plane motion. In this case, however,
there are two coupled equations and two thrust functions Tx in the
radial direction and Ty along track. Firing these two thrusters for a
time t changes the phase space location in the in-track direction by⎡⎢⎢⎣

�x

ẋ

�y

ẏ

⎤⎥⎥⎦ =

⎡⎢⎢⎣
�x̂

ˆ̇x
�ŷ

ˆ̇y

⎤⎥⎥⎦ +

⎡⎢⎢⎣
2 −2 0 0

0 0 2 0

−3(�t) 0 4 3

−3 4 0 0

⎤⎥⎥⎦
⎡⎢⎢⎣

I2

I3

I4

I5

⎤⎥⎥⎦
where24

I2(t) =
∫ t

0

Ty(τ ) dτ

I3(t) =
∫ t

0

Ty(τ ) cos �(t − τ) dτ − 1

2

∫ t

0

Tx (τ ) sin �(t − τ) dτ

I4(t) =
∫ t

0

Ty(τ ) sin �(t − τ) dτ + 1

2

∫ t

0

Tx (τ ) cos �(t − τ) dτ

I5(t) = �

∫ t

0

Ty(τ )τ dτ − 2

3

∫ t

0

Tx (τ ) dτ (6)

After firing for a duration tF , we require the orbit to reach a pre-
defined final location in phase space (�xF , ẋF , �yF , ẏF ), which
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provides four integral constraints:⎡⎢⎢⎣
I2

I3

I4

I5

⎤⎥⎥⎦ =

⎡⎢⎢⎣
2 0 0 1

3/2 0 0 1

0 1/2 0 0

2β −2/3 1/3 β

⎤⎥⎥⎦
⎡⎢⎢⎣

�(xF − x̂F )

ẋF − ˆ̇x F

�(yF − ŷF )

ẏF − ˆ̇yF

⎤⎥⎥⎦
This completes the derivation of the integral constraints to transfer
between and initial and final orbit. The expressions on the left-hand
side are integrals over the thrust accelerations, which have to satisfy
the preceding conditions for the orbital boundary conditions to be
met.

Optimization Problem Statement
In this section we shall consider how to choose the thrust accel-

erations in an optimal way while preserving the constraints defined
in the preceding section. There are two main considerations when
considering the thrust: the first is to minimize the amount of pro-
pellant required, and the second is to minimize the time required
for the maneuver. For a small satellite the use of propellant has the
highest priority because of the small capacity for propellant storage.
Nevertheless for formation-flying applications, the reorientation of
the formation within a set time is essential for a flexible system,
maximizing data collection and collision-avoidance planning.

To minimize the propellant usage, we seek to minimize the actu-
ation required for the maneuver. This also minimizes the propellant
usage for a thrust engine operating at constant power. The cost func-
tion to minimize control actuation is

J =
∫ tF

0

T (τ )2 dτ (7)

where the thrusters continuously accelerate the spacecraft over a
fixed time interval tF . This is dictated by the formation planning
system before the maneuver. The problem then is to minimize the
preceding cost function subject to boundary constraints on position
and velocity at the start and end of the fixed time interval tF .

The problem we are addressing here is how to determine a refer-
ence trajectory that will steer satellites in the formation from their
present relative position and velocity to a new desired position and
velocity within a fixed time. We are solving for the thrust accel-
erations in all three directions as functions of time, such that we
minimize propellant usage throughout the maneuver.

The relative motion equations decouple the motion out of the
orbital plane from the motion within the plane. We can exploit this
in our optimality conditions by replacing J by two positive-definite
components Jz and Jxy , where

Jz =
∫ tF

0

Tz(τ )2 dτ (8)

and

Jxy =
∫ tF

0

Tx (τ )2 + Ty(τ )2 dτ (9)

In the next section we shall incorporate the constraints upon this
optimization problem that arise from the meeting the boundary con-
ditions of position and velocity at the final time tF . We shall treat
these separately for the cross-track motion and the in-plane motion.

The approach we shall adopt in solving this optimization problem
is to represent the thrust accelerations as periodic functions of time
with period tF . Because the thrust accelerations are only active over
the time interval 0 ≤ t ≤ tF , then extending them as periodic
functions beyond this time interval does not affect the maneuver.
Once we allow the thrust accelerations to be periodic, then it is
natural to represent them by a Fourier series with period tF . Note
that the period in these Fourier series is different from the orbital
period given by 2π/�.

The use of Fourier series to represent the thrust accelerations puts
no significant limitation upon these functions that are given by the

Dirichlet conditions.25 The Fourier series is just a description of an
arbitrary function in terms of a complete set of orthogonal functions.
The thrust accelerations can be discontinuous and even go to infinity
a finite number of times.

By using the Fourier representation, we can express the cost func-
tion in terms of the unknown Fourier coefficients in the series and
solve for these coefficients. The problem then becomes a parametric
one, although there are an infinite number of parameters required
to represent arbitrary thrust accelerations. We can use Parseval’s
theorem26 to express the preceding cost functions in terms of these
parameters.

We start by defining the Fourier series of the thrust accelerations
as

Tx = ax0

2
+

∞∑
n = 1

axn cos(n�F t) + bxn sin(n�F t)

Ty = ay0

2
+

∞∑
n = 1

ayn cos(n�F t) + byn sin(n�F t)

Tz = az0

2
+

∞∑
n = 1

azn cos(n�F t) + bzn sin(n�F t) (10)

where �F = 2π/tF . The cost function, therefore, for the z thruster
can then be written as

Jz = tF

2

[
a2

z0

2
+

∞∑
n = 1

a2
zn + b2

zn

]
(11)

whereas in the in-plane direction

Jxy = tF

2

(
a2

x0

2
+

∞∑
n = 1

a2
xn + b2

xn + tF

2

)
a2

y0

2
+

∞∑
n = 1

a2
yn + b2

yn (12)

Before we embark upon minimizing these functions with respect
to the Fourier coefficients, we need to incorporate the boundary
constraints. In the next section we will derive the constraints in terms
of the Fourier series and incorporate them into the cost functions
and then solve for the optimal thrust accelerations.

Cross-Track Thrust Function
We derive here the optimal thrust function for cross-track ma-

neuvers and show that this thrust function has a very simple form
irrespective of the boundary conditions for the maneuver. We start
by returning to the constraints considered earlier and express them
in terms of the Fourier representation. The constraints I0 and I1 are
more conveniently expressed in terms of the symmetric and anti-
symmetric components of Tz(t). For the cross-track maneuvers this
is achieved by replacing I0 and I1 by new constraints: K0 and K1,
where

cos ϕ

(
K0

K1

)
=

(
cos ϕ sin ϕ

− sin ϕ cos ϕ

)(
I0

I1

)
(13)

the rotation angle ϕ = (π − β)/2 and β = �tF . These new con-
straints can be expressed in terms of integrals over the thrust func-
tion:

K0 sin
β

2
=

∫ tF

0

Tz(τ ) cos

(
β

2
− �τ

)
dτ (14)

K1 sin
β

2
= −

∫ tF

0

Tz(τ ) sin

(
β

2
− �τ

)
dτ (15)

They can also be expressed in terms of the boundary conditions at
the start and end of the maneuver:

K0 = (żF − ˆ̇zF ) cot(β/2) + �(zF − ẑF ) (16)

K1 = (żF − ˆ̇zF ) − �(zF − ẑF ) cot(β/2) (17)
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Replacing Tz(t) by its Fourier series, we can integrate
Eqs. (14) and (15) term by term to find

�K0 = Sz A (18)

and

K1 = 2�F SzB (19)

where

Sz A = az0 + 2�2
∞∑

n = 1

azn

�2 − n2�2
F

(20)

and

SzB =
∞∑

n = 1

nbzn

�2 − n2�2
F

(21)

The advantage of using K0 and K1 as constraints is that the first is
only a function of the a coefficients and the second a function of the
b coefficients of the unknown Fourier series. We next incorporate
these constraints into the cost function by introducing Lagrange
multipliers:

Jz = β

2�

[
a2

z0

2
+

∞∑
n = 1

a2
zn + b2

zn

]
+ λ0

(
K0 − Sz A

�

)
+ λ1(K1 − 2�F SzB) (22)

It is straightforward to differentiate this cost function with respect
to all of the Fourier coefficients. Here K0 and K1 are treated as
functions of the boundary conditions through Eqs. (16) and (17).
Solving for the Fourier coefficients gives

az0 = 2λ0

β
(23)

azn = 2λ0

β

�2

�2 − n2�2
F

(24)

bzn = 2λ1

β

n��F

�2 − n2�2
F

(25)

Substituting these into Eqs. (20) and (21) gives

�K0 = 2λ0

β

[
1 + 2�4

∞∑
n=1

1(
�2 − n2�2

F

)2

]
(26)

and

�K1 = 4λ1��2
F

β

∞∑
n = 1

n2(
�2 − n2�2

F

)2
(27)

These infinite sums can be evaluated into closed form, as shown
in the Appendix. We can therefore get exact expressions for the
Lagrange multipliersλ0 andλ1 in terms of K0 and K1 using Eqs. (A9)
and (A10), respectively:

λ0 = 2�K0
1 − cos β

β + sin β
, λ1 = 2�K1

1 − cos β

β − sin β
(28)

We can also substitute the Fourier coefficients (23), (24), and (25)
into the Fourier series of the thrust function Tz to obtain the required
function of time. We leave this expression in terms of the Lagrange
multipliers, which are determined from the preceding boundary con-
ditions:

Tz(t) = λ0

β

(
1 + 2�2

∞∑
n = 1

cos n�F t

�2 − n2�2
F

)

+ 2��Fλ1

β

∞∑
n = 1

n sin n�F t

�2 − n2�2
F

(29)

These Fourier series can also be summed into a closed-form solution
(see Appendix). Using Eqs. (A3) and (A4), we find that the optimal
thrust acceleration has the simple form:

Tz = 
 cos(�t − ζ ) (30)

The amplitude for this optimal thrust function is given by


 = 1
2 | csc(β/2)|

√(
λ2

0 + λ2
1

)
(31)

and the phase

ζ = υ + β/2 (32)

where

λ1 = λ0 tan υ (33)

To determine λ0 and λ1, we use Eqs. (28), where K0 and K1 are
given by Eqs. (16) and (17), respectively. The cost function can be
evaluated to the simple result:

Jz = 1
2 (K0λ0 + K1λ1) (34)

Finally, the functions I0(t) and I1(t) are

I0(t) = (
/4�)[cos(�t − ζ ) − cos(�t + ζ )] + (
/2) sin(�t − ζ )t

(35)

I1(t) = (
/4�)[sin(�t − ζ ) + sin(�t + ζ )] + (
/2) cos(�t − ζ )t

(36)

These expressions can then be substituted back to find the cross-
track position and velocity of the satellite throughout the maneuver.
This completes the solution for the optimal thruster function for
cross-track maneuvers.

In-Plane Thrust Functions
The analysis presented for the cross-track thrust acceleration can

be extended to the thrust accelerations in the radial and in-track
directions. Because the analysis parallels exactly the previous, we
shall just provide only the key steps in the argument.

We again modify the constraints (6) to more convenient forms:⎛⎜⎜⎝
K2

K3 cos ϕ

K4 cos ϕ

K5

⎞⎟⎟⎠ =

⎛⎜⎜⎝
1 0 0 0

0 sin ϕ cos ϕ 0

0 cos ϕ − sin ϕ 0

1 0 0 −2/β

⎞⎟⎟⎠
⎛⎜⎜⎝

I2

I3

I4

I5

⎞⎟⎟⎠ (37)

where ϕ has the same meaning as in Eq. (13). We can again express
these in terms of the boundary conditions using Eqs. (37) and (6):

K2 = 2�(xF − x̂F ) + (ẏF − ˆ̇yF )

K3 = [
3
2 �(xF − x̂F ) + (ẏF − ˆ̇yF )

]
cot(β/2) + 1

2 (ẋF − ˆ̇x F )

K4 = 3
2 �(xF − x̂F ) + (ẏF − ˆ̇yF ) − 1

2 (ẋF − ˆ̇x F ) cot(β/2)

K5 = −2�(xF − x̂F ) + (4/3β)(ẋF − ˆ̇x F )

− (2�/3β)(yF − ŷF ) − (ẏF − ˆ̇yF ) (38)

Evaluating these expressions in terms of the Fourier coefficients for
the accelerations Tx (t) and Ty(t) gives

K2 = (ay0/2�)β, K3 = Sy A/� + �F Sx B

K4 = 2�F Sy B + (1/2�)Sx A, K5 = SN (39)



PALMER 523

where Sk A is the same as Eq. (20) and Sk B the same as Eq. (21),
replacing the Fourier coefficients from the appropriate series ex-
pansion of either Tx (t) or Ty(t), and

SN = β

π�

∞∑
n = 1

byn

n
(40)

The cost function minimizes the thrust in both x and y directions
subject to the boundary constraints:

Jxy = β

2�

(
a2

y0

2
+

∞∑
n = 1

a2
yn + b2

yn

)
+ β

2�

(
a2

x0

2
+

∞∑
n = 1

a2
xn + b2

xn

)

+ λ2

(
K2 − ay0

2�
β

)
+ λ3

(
K3 − Sy A

�
− �F Sx B

)

+ λ4

(
K4 − 2�F Sy B + 1

2�
Sx A

)
+ λ5(K5 − SN ) (41)

Then differentiating with respect to all of the Fourier coefficients,
we can find the optimal thrust accelerations in both radial and in-
track directions. Once again we can use the same results presented
in the Appendix, along with Eq. (A13), to sum over terms in the
expansions to get closed-form solutions. The relationship between
the Lagrange multipliers and the constraints Ki are now

λ2 = 2

β
(�K2 − λ3)

λ3 = �

[
β

4

(
β + sin β

1 − cos β

)
+ β

16

(
β − sin β

1 − cos β

)
− 1

]−1(
βK3

2
− K2

)

λ4 = 1

D

[
1

3�

(
β

2
+ 8

3β

)
K4 − 2

β�

(
β

2
cot

β

2
− 4

3

)
K5

]

λ5 = 1

D

[
1

2�

(
β − sin β

1 − cos β
+ 1

4

β + sin β

1 − cos β

)
K5

− 2

β�

(
β

2
cot

β

2
− 4

3

)
K4

]
(42)

where

D = 1

6�2

[
β − sin β

1 − cos β
+ 1

4

β + sin β

1 − cos β

](
β

2
+ 8

3β

)

− 4

β2�2

(
β

2
cot

β

2
− 4

3

)2

(43)

The radial and in-track thrust functions are found by inserting the
Fourier coefficients back into the Fourier series. Using Eqs. (A3),
(A4), and (A11), we can sum the Fourier series and once again
derive closed-form solutions for these components of the thrust ac-
celeration in time:

Tx (t) = 2
3 T1 + (
/2) sin(�t − �) (44)

Ty(t) = T0 − T1(�t) + 
 cos(�t − �) (45)

where T0, T1, and 
 are constants that can most easily be expressed
in terms of the Lagrange multipliers:

T0 = 1
2 (λ2 + λ5), T1 = λ5/β


 = 1
2 | csc(β/2)|(λ2

3 + λ2
4

) 1
2 (46)

The thruster phase is given by

� = β/2 + υ (47)

where

λ4 = λ3 tan υ (48)

These are the optimal thrust functions for any arbitrary set of initial
and final conditions. The cost function can be expressed in the simple
form:

Jxy = 1
2 λ2 K2 + 1

2 λ3 K3 + 1
2 λ4 K4 + 1

2 λ5 K5 (49)

To find the position and velocity in the orbital plane of the spacecraft
during the maneuver, we substitute back into the expressions for I2

to I5 to find

I2(t) = T0t − 1

2
�T1t2 + 


�
[sin(�t − �) + sin �]

I3(t) = T0

�
sin �t − 4T1

3�
(1 − cos �t) + 5
t

8
cos(�t − �)

+ 3


16�
[sin(�t − �) + sin(�t + �)] (50)

I4(t) = T0

�
(1 − cos �t) − T1

(
t − 4 sin �t

3�

)
+ 5
t

8
sin(�t − �) + 3


16�
[cos(�t − �) − cos(�t + �)]

I5(t) = 1

2
�t2

(
T0 − 2

3
T1�t

)
− 4

9
T1t + 
t sin(�t − �)

+ 4


3�
[cos(�t − �) − cos �] (51)

These expressions can then be substituted back into Eq. (6) to obtain
the position and velocity of the satellite during the maneuver.

Results
We now consider how we might use these solutions for operat-

ing spacecraft in close proximity to each other. We shall consider
a default scenario where the origin or guiding center moves in a
circular orbit of radius 7000 km about the Earth. The orbital period
for such an orbit, which determines � is 97.142 min. To illustrate
how we might plan maneuvers, we consider two satellites flying in
formation, with 200-m separation from the origin both radially and
in track, one ahead and one behind. There is also a 10-m cross-track
separation with one satellite above the plane and the other below.
The satellites have no radial or cross-track velocity, and their in-
track velocity relative to the origin is fixed so that b = 0, that is,
there will be no along-track drift between the satellites and the ori-
gin. The formation is required to change so that the two satellites
are on the opposite corners of a square of side 400 m on the orbit
plane about the origin. The satellites also move to opposite sides of
the orbital plane in z, so that the maneuver of one satellite mirrors
exactly the movement of the other. The duration of the maneuver can
be adjusted to ensure that the maximum thrust required is within the
scope of the thrusters and that the satellites remain far enough apart
through the maneuver to ensure safety. With these considerations in
mind, a transfer time of 11.53 min was chosen for this reorientation
of the satellites. In Fig. 1 we show the optimal trajectories derived
for this maneuver for each satellite. This is the view on the z = 0
plane. The tick marks are at 100-m intervals so that the satellites
get only marginally closer than 200 m from each other during the
maneuver. The satellite on the right is moving from behind the plane
of the page to in front.

In Fig. 2 we show the thrust functions for each of the three
thrusters. This is for one satellite, the other being identical but flipped
about the horizontal axis. We see that the largest thrust is in the ra-
dial direction and corresponds to a little over 4 mN per kg. We have
modeled the limits on the thrust accelerations on the Surrey SNAP-1
nanosatellite.27 The thruster on this small 6.5-kg nanosatellite could
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Fig. 1 Earth is towards the bottom, and the mean orbital motion is to
the right. The tick marks are at 100-m intervals. Satellite on top right
moves from behind the page to in front of it, while the satellite to the
left moves from in front to behind.

Fig. 2 Thrust accelerations for each of the three thrusters during the
maneuver. The along-track thrust is given as a ——, the radial thrust
as a - - - -, and the cross-track thrust as a ·–·–·.

deliver 7.7 mN per kg. We see therefore that all of the thrusts re-
quired are attainable by even this small satellite.

As a second example of the usefulness of these results, we can
consider a docking problem. Here the goal is to reach the origin of
the Hill frame with a minimum relative velocity possible. We can
use these analytic results to fix the final boundary condition at tF and
the various thrust parameters (T0, T1, 
, �, 
, ζ ) and solve back-
wards to find the initial conditions at an earlier epoch. In this case,
β becomes a lookback time rather than a fixed control parameter.
To illustrate this, we assume that the approach to docking involved
only a single thruster firing in the in-track direction. For a smooth
approach to docking, we impose the conditions Ty(tF ) = Ṫy(tF ) = 0.
These two conditions allow us freedom to choose two of the param-
eters, say, T1 and 
. We can then determine T0 and � from the
conditions upon Ty and its derivative:

sin(β − �) = −T1/


and

T0 = T1β − 
 cos(β − �)

With the thrust parameters fixed, we can now work back to find
the Lagrange multipliers and hence K2 to K5. These in turn can be

Fig. 3 Orbital approach for a docking satellite that approaches with
zero thrust. Tick marks represent 500-m intervals.

Fig. 4 Thrust function for z thruster in a plane change. The thruster
slows the z motion as the satellite approaches the reference orbital plane
from below.

solved for fixed final conditions to determine the initial conditions a
time tF before docking. An example of such a solution is provided in
Fig. 3, where we see the approach to the origin on the (x, y) plane.
Note how our boundary conditions have imposed a radial approach
to docking.

A final example of the usefulness of these formulas is in consider-
ing further optimization of the transfer by considering the boundary
conditions as free parameters over which we can further optimize.
Having the optimal solution as a function of initial and final condi-
tions enables us to minimize the cost with respect to some of these
parameters. To illustrate this, consider a cross-track maneuver to
try and reduce a difference in inclination between two satellites in a
formation. The motion of the second satellite with respect to the first
is a z oscillation of amplitude fixed by the inclination difference and
period equal to the orbital period. We wish to perform a maneuver
to reduce this amplitude of oscillation, but at which phase of the
oscillation is it best to perform the maneuver?

It is useful to think in terms of the phase space of (z, ż) for these
maneuvers. The trajectory in phase space is a circle centered at the
origin, and the radius is determined by the energy of the cross-track
excursion. Our maneuver requires us to reduce the energy of this
oscillation, and we can maximize the change in energy for a given
impulsive change in velocity at the point where the two planes cross
(i.e., at z = 0).

In Fig. 4 we consider reducing the amplitude of the oscillation
from 500 to 300 m. We choose to start the maneuver when the
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Fig. 5 Trajectory of z oscillation damping as seen in the phase space of
the decoupled z motion. Vertical axis has been scaled by Ω so that both
axes are measured in meters. The tick marks are at 200-m intervals.

Fig. 6 Optimal transfer by varying oscillation phase at start and end
of transfer. Vertical axis has been scaled by Ω so that both axes are
measured in meters. The tick marks are at 200-m intervals.

z motion of the satellite is maximum, as it crosses the orbital plane
of the reference satellite, and we fix tF to be a quarter of the or-
bital period. Figure 4 shows the thrust function obtained for this
transfer, and Fig. 5 the trajectory in phase space. Close inspection
of this transfer shows that energy in the z oscillation falls below
that required for the final oscillation amplitude, that is, the transfer
passes inside the inner circle. The inclination is reduced too much,
and after 16 min the thrust changes sign to push the two orbital
planes further apart. This behavior arises because we have fixed the
transfer to a quarter of an orbital period. If we reduced this time by
setting β = 1.2, then we would not have any acceleration phase, and
the overall cost reduces by 24.6%.

An alternative way of reducing the cost would be to change the
phase of the z oscillation at the required amplitude at which we
arrive, that is, the phase around the inner circle in Fig. 5 at which
we arrive. Then the natural uncontrolled dynamics will bring the
satellite to the correct phase in time. If we treat β as fixed, then
we can write conditions (16) and (17) in terms of energy and phase
in the respective oscillations. Using Eq. (28) and substituting into
Eq. (34) gives the cost function in terms of the phases of the initial
and final oscillations. We can then minimise Jz with respect to these
parameters. Doing so shows that the lowest cost transfer for this
change in z oscillation amplitude occurs when the initial phase is
134 deg and the final phase is at 43 deg. The transfer is shown in
Fig. 6.

The final transfer cost has been reduced by 64% over the ini-
tial cost, which shows that significant saving can be made by
considering varying the boundary parameters and transfer times.
These reductions can be realized in maneuver planning using
these analytic solutions and avoid the necessity of exhaustive
computations.

Conclusions
In this paper we have considered the arbitrary transfers of a satel-

lite between two relative orbits using the circular Hill’s equations.
We have considered the situation when the thrusters on the satellite
have low levels of thrust, and we are performing maneuvers with
a continuous thrust of variable amplitude, but performing attitude
maneuvers to change the thrust direction. An optimal control of
the maneuver has been studied based on minimizing the propellant
usage for the transfer.

A general formulation of the problem has been presented and
generic analytic solutions for the thrust functions in each of the
three directions of the Hill frame determined. These functions have
very simple closed forms, which are parameterized by a number
of quantities that we have related to the boundary conditions of
the transfer. This provides a simple control law to ensure optimal
transfers between arbitrary locations in the Hill frame.

We have considered a number of transfers and illustrated how we
can exploit the closed-form solutions to obtain further optimization.
We have shown that we can directly put constraints upon the thruster
parameters and solve for the boundary conditions we require and the
transfer time and how we can treat our cost function as a function of
the boundary conditions and exploit natural dynamics to minimize
cost if time of transfer is not critical.

The analysis does not take account of mass changes on the satel-
lites as a result of propellant usage, unlike Prussing,7 which is ad-
equate provided the percentage wet mass of the satellite always re-
mains small. Our analysis also does not take account of the Earth’s
oblateness. The differential effect of the oblateness leads to a slow
relative evolution between satellites, and provided the maneuver
time is short compared to the transfer time this differential sep-
aration between the satellites can be ignored. In this case, as for
the examples chosen, the Hill’s frame should be quite adequate.
The maneuvers we have considered are all realizable with a small
nanosatellite.

Appendix: Some Useful Results
We provide in this Appendix some useful results that we have used

in the paper. We start by considering the Fourier series of the func-
tions sin �t and cos �t , considered over the interval 0 ≤ t ≤ tF and
considered to be periodically repeated outside this interval. Then

sin �t =
(

1 − cos β

β

)(
1 + 2�2

∞∑
n = 1

cos n�F t

�2 − n2�2
F

)

+ 2��F

(
sin β

β

) ∞∑
n = 1

n sin n�F t

�2 − n2�2
F

(A1)

and

cos �t =
(

sin β

β

)(
1 + 2�2

∞∑
n = 1

cos n�F t

�2 − n2�2
F

)

− 2��F

(
1 − cos β

β

) ∞∑
n = 1

n sin n�F t

�2 − n2�2
F

(A2)

From these two equations we can derive the relations:

1 + 2�2
∞∑

n = 1

cos n�F t

�2 − n2�2
F

= β

2

(
sin �t + cos �t

sin β

1 − cos β

)
(A3)

and
∞∑

n = 1

n sin n�F t

�2 − n2�2
F

= β

4��F

(
sin �t

sin β

1 − cos β
− cos �t

)
(A4)

One can also use Parseval’s theorem26 on the series (A1) and (A2)
to show that

1 − sin 2β

2β
= 2

(
1 − cos β

β

)2

(1 + 2�4 S) + 4�2�2
F

(
sin β

β

)2

Q

(A5)
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and

1 + sin 2β

2β
= 2

(
sin β

β

)2

(1 + 2�4 S) + 4�2�2
F

(
1 − cos β

β

)2

Q

(A6)
where

S =
∞∑

n = 1

1(
�2 − n2�2

F

)2
(A7)

and

Q =
∞∑

n = 1

n2(
�2 − n2�2

F

)2
(A8)

We can solve for S and Q from Eq. (A5) and (A6) provided β is not
an integer multiple of 2π or provided β �= π/2 + mπ for integer
m. This second restriction is not serious as it analytically continues
from values of β on either side of these values.

Solving for these quantities, we can then show that

1 + 2�4 S = β(β + sin β)

4(1 − cos β)
(A9)

and

Q = β(β − sin β)

8�2�2
F (1 − cos β)

(A10)

We next consider a linear function of time: L(t) = t − tF/2 for
0 ≤ t ≤ tF . The Fourier series of this function periodic of period tF

is

L(t) = − tF

π

∞∑
n = 1

sin n�F t

n
(A11)

We will also need to consider the convolution integral between this
function and sin �t :

2

tF

∫ tF

0

L(tF − t) sin �t dt = 1

�
(1 + cos β) − 2

�

sin β

β
(A12)

From this we can show that

R =
∞∑

n = 1

1

�2 − n2�2
F

= 1

2�2

(
β

2
cot

β

2
− 1

)
(A13)
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